NDA-FP-34 
June 1997 



On the instability of effective potential 
for non-abelian toroidal D-brane 



Shin'ichi NOJIRIQand Sergei D. ODINTSOV*Q 



Department of Mathematics and Physics 

National Defence Academy 
Hashirimizu Yokosuka 239, JAPAN 

X Tomsk Pedagogical University 

634041 Tomsk, RUSSIA 

and 

Dep.de Fisica 

Universidad del Valle 

AA25360, Cali, COLOMBIA 

abstract 

We calculate the one-loop effective potential for the toroidal non-abelian 
D-brane in the constant magnetic SU(2) gauge field. The study of its prop- 
erties shows that the potential is unbounded below. This fact indicates the 
instability of the non-abelian D-brane in the background under consideration 
like the instability of chromomagnetic vacuum in SU(2) gauge theory. PACS: 
04.50.+h, 4.60.-m, ll.25.-w 



^-mail : nojiri@cc.nda.ac.jp 

2 e-mail : odintsov@quantum.univalle.edu.co, odintsov@kakuri2-pc.phys.sci.hiroshima- 
u. ac.jp 



1 



One of the key ingredients in the study of the dynamics of D = 11 M- 
theory JIJ is D-brane [fj, ^, |J] which represents the solitonic solution of string 
theory. The effective theories of D-branes have been the subject of much 
recent study (see || and references therein). 

The study of the effective potential in theory of extended objects in one- 
loop or large d- approximation may clarify the quantum properties of these 
objects. For string case, large d approximation has been developed in ref.0 
as systematic expansion for the effective action in powers of 1/d. The static 
potential may be then obtained by studying the saddle point equations for 
the leading order term. The similar program may be realized for membranes 
[§, §] , p-branes and abelian D-branes [[U| . 

The non-abelian generalization of DBI-theory has been recently presented 
in ref. 0. That is the purpose of the present note to look to the properties 
of the effective potential in the non-abelian toroidal D-brane in the constant 
magnetic SU(2) field. We find that the correspondent potential shows the 
instability in the background under discussion. 

The action which corresponds to the non-abelian generalization of Born- 
Infeld D-brane is given by || 

S = kj d( p+1 
xSTr 



\ 



det | Gij + DiX m ( 5" 




\ 



det [S r 




(1) 



Here we consider the action in the Euclidean signature and m, n = p+l,p + 
2, • ■ ■ , d — 1 (d is the space-time dimension), i, j = 0, 1, 2, • • • ,p. is the 
metric on the D-brane world volume, X m belong to the adjoint representation 
of the non-abelian algebra, is the field strength of the algebra and g is the 
coupling constant, det is the determinant with respect to the indeces i, j. 
STr is the trace about the matrix which is the representation of the algebra, 
after all it should be symmetrized with respect to Fij, DiX m and [X m ,X n ]. 

In this letter, we concentrate, for simplicity, on case that p = 2 (mem- 
brane) and the non-abelian algebra is SU(2). We also assume the metric G^ 
is given by Gy = RiRj5ij (here the sum convention is not used and R^s are 



2 



constants and we normalize Rq = 1). The coordinates satisfy the periodic 
boundary condition (toroidal D-brane): 

x m ((°, C\ C 2 , • • • , C p ) = x m ((° + t, c\ C 2 , • • • , C) 

= x m (c°, c 1 + 1, c 2 , • • • , en = x m (c°, c 1 , c 2 + 1, • • • , c p ) 

= --- = x m (c°,C 1 ,C 2 ,---,C p + i) • (2) 

Therefore Ri (i ^ 0) is the period with respect to the world volume coordinate 
( l . We consider the one-loop effective potential in the non-abelian constant 
magnetic background: 



A? = 


w< 


A* = 






*? = 

J^B m 


fBZ 

2 fij ' 
= . 


fB _ 
' Jl2 ~ 


■ -i[A u A 2 \ 





(3) 

Here cr a 's (a = 1, 2, 3) are Pauli matrices, in the following, we abbreviate the 
index m of X m for the simplicity in the notation. 
The effective potential is defined by @ 

V = - lim - In / BXe~ s . (4) 

Here we treat the gauge field as a classical external field. The quantum 
contribution from the gauge fields will be taken into account below. 
Let decompose DiX in the components 

DiX = diX-i[A4,X\ 

= -DiX a a a 
2 

= ^(diX a + e ahc A\X c )a a . (5) 

We expand the gauge field and the field strength arround the non-abelian 
magnetic background (|3]) as follows 

Ax - \a<j 1 + l -Ala a , A 2 = X -Ao 2 + l -A a 2 a a , 

F 0l = l -d Q Ata\ F 12 = ±A 2 a 3 + . (6) 

3 



Here we have chosen the A = gauge and 



dtAl - d 2 A\ + A\A\ -A\{A + A\ 



F 2 2 = d x Al-d 2 Al + A\A\-{A + A\)Al 
F 3 

r \2 



d l A 3 - d 2 A 3 + A(A{ + A\) + A\A\ - A\A\ . 
First we should note 



(7) 



STr {D i XD j X{F^ 



B^2n 



- —) l),.X 3 I),.X 3 



STr (FjFkiiF, 



B\2n 
12) 



'A 2 



2(2n+ 1) V 2 
- - FhFf 



F>iX a DjX a 



0=1,2 



2V2-; 



ij kl 

A , 2n 



Y, F ii F H ■ 

a=l,2 



2(2n+ 1) V 2 

Therefore if f(x) is an arbitrary even (f(—x) = f(x)) function, we find 



(8) 



STr (D i XD j Xf(F ] 



'A? 
2 



~f ( ^- ] d,x 3 d 3 x 3 



+ 4 / 2 /(ar)da; £ D i X a D j X a 
A Jo 0=1,2 



STr (F i3 F kl f(F, 



F 3 F 3 



I (A 

2 J \ 2 ) Xi ^ u 
A Jo 0=1,2 
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Then expanding the action (JJ) in the background (^) up to the terms 
quadratic with respect to the fields, we obtain 



S = k J dC 3 STr^/det (Gij + DiXDjX + F~j) 
= kjd( 3 



A 2 



2JR* + — + L (X m ) + L (Ai) 



4g* 



+ 



(10) 
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L x {X m ) 
1 = 
~ 2 



^ 4 + ^(^ 3 ) 2 + 



R 2 



{{D x X A f + (D 2 X S ) 2 } 



+ E 

a=l,2 LL 



W4 + ^m 



V 2^l 2 1 R 2 \2g 



+ x R A + 



A*_ 

Ag 2 



(D X 
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In 



'A 2 



A 2 {R 2 \ 2g 



'i? 4 + 



A*_ 

4g 2 



{(DtXy + (D 2 X a ) 2 } 



= a(d x 6 y + Bi^xy + (D 2 xy} 

+ J2 \C(D X a ) 2 + D-i^X*) 2 + (D 2 X a ) 2 }] 

0=1,2 



(11) 



I? 2 



3 \2 , p3 \2 



+ 



(^i 3 2 ) 2 
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In 



1 {A 2 



2A 2 \R 2 \2g 



+ \R A + 



A^_ 

4g 2 



E ra 2 



a=l,2 



^3 \2 



B 2 {Fl 2 ) 2 



+ e K((^oi) 2 +^o2) 2 )+^ 2 ra 2 } 



(12) 



a=l,2 



Here we assume Ri = R (i ^ 0) and • • • denotes the higher order terms with 
respect to X m , A{ and total derivative terms. 

We now consider the contribution from X m to the one-loop effective po- 
tential. Eq. ( |TTD can be rewritten as follows 

L x {X m ) 



A 



(<9 X 3 ) 2 + ^{(^X 3 ) 2 + («9 2 X 3 ) 2 } + ^(X 3 ) 2 
A A 



+c E 



0=1,2 



(d X a ) 2 + ^{(^X a ) 2 + (d 2 X a ) 2 } + ^(If 



-(B + D)A(X 2 d 1 X 3 - X^X 2 - X^X 3 + X 3 d 2 X r ] 
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+total derivative terms (13) 

By diagonalizing (|T^) with respect to X a , we find the following expression 
for the effective potential; 

V X = V x + V+ + Vx (14) 

i 

|2i 
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(d 


-3)2tt 
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(15) 
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2D B 
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A c. 



K + n 2 ) 



+ 



+ 



'2A 2 BD(2C 2 + A 2 ) i -8BD + 2B 
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^ 4 (2L>(7 - AB) 2 1 * 



AC 
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a 2 c 2 



(16) 



In fll5|), we have used zeta function regularization (see [11] for an introduc- 
tion) and E(q) is defined by 



£(g) 



]T {n 2 + n 2 + g}" 



11 ,^2 = 1 

1 1 3 

— g 2 g 2 



W £ (2^/^) + g! £ fc~3tf_a (27^^) 

^ fc=i 

oo ^ 

+2E^ 1 E^ 2 (i 
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fc=i 



d 2 



#i 2nkJl + 
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Since K v (z) ~ e 2 when |z| — ► oo, we find 



7T 3 

— g 2 



(17) 



(18) 
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when q — > +00 and 

E(0) = (19) 

Here 

00 1 
/ T (l, 1) = 2tt £ (n? + nfj 1 = -1.438 ■ ■ ■ . (20) 

n\ ,ri2=— 00 

Note that E(q) is monotonically decreasing function therefore always neg- 
ative when q > 0. Note that, in the limit A — > 0, Eq.(|l4D reproduces the 
result for p-brane in |T2) , up to a factor 3 which corresponds to dimension of 
the SU(2) group: 

n= (d- 3)2, 3 jffl 
2 i? 

In order to calculate the contribution from the quantum gauge field, first 
we solve the constraint diA® = obtained from the A = gauge condition 
non-locally (locally in the momentum space) by introducing a scalar field A a 

(Al Af) = ~^(9 2 A a , -drA a ) (A = d\ + d 2 2 ) (22) 

and further redefining A , A 1 and A* as 

A° = A4 3 , A = -£=(9 1 A 1 + 9 2 A 2 ) , A* = —^=(d 2 A 1 - diA 2 ) (23) 

Then we can rewrite Eq. (|I~2"|) up to total derivative terms as follows 
L A 

= (d A ) 2 + (doA*) 2 + (d A 1 ) 2 

(B 2 I . D 2 A 2 \ I ^ 2 2A{B 2 + D 2 ) a0 — . 
+ ^(-A) + —) (A ) 2 + — ^ L A °y/=AA* 

/ n 2 a 2 r 2 \ n 2 

+ (gr(-A) + (A*) 2 + ^(-A)(^) 2 (24) 

The appearence of mass-like term for gauge field is seen in above equation. 
That is contrary to the abelian case [111 where such term does not appear. 
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After diagonalizing (]2"1 ) with respect to A and A 1 , we find the contribution 
from the gauge field to the one-loop potential is given by 



V A 

vl 
vt 



v° A + vx + v A 

§/t(0,0) 

Y CO 
V ^ ni,ri2=— oo 



A 2 + CP , 



A 2 C 2 , 
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'B 2 D 2 B 2 D 2 B i + D i + AB 2 D 2 \ t2 . 2 2N 
+2 I — — + — 77^ — + ,„L ^ 2 (n? + ni) 



A 4 C 4 

12 D 2\ 2 



A 2 C 2 



+ L 2 C 2j A * 



(25) 



We now consider the asymptotic behavior of the one-loop potential. First 
we should note that 



A, C — 
A 2 , C 2 



2 ' 2 
B 2 ,D 2 



AR 2 



(26) 



when R — > oo and 



i^, i^ln^ 
% ' ^ 2 ' 8# ' -4 2 #i? 2 

A 2 ^, 5 2 ■ 5 



2^ 2 



2^ 2 



C 2 



^ 2 m4L z^ 2 



2^ 2 gR 2 ' 2 A 2 gR 2 ' 

Therefore the asymptotic behavior of the potential is given by 
2vr(rf-3) E{A 2 ) 



(27) 
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27r(rf-3) E(2A 2 ) 27r(rf-3) E(A 2 

y-y > ~ ' ^ , Vft 
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when R — > oo and 
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(29) 



when R — > 0. Therefore the asymptotic behavior of the total one- loop po- 
tential 

V T = 2kJ&+^ + Vx + V A (30) 



is dominated by the classical term (the first term in (|30| ) when R — ► oo: 

V -»■ 2A;i? 2 (31) 

and dominated by V/ 

/3 vr [2A\ A 2 \ a * 
V --i2-3R{— l »W 2 ) (32) 
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at small R. This tells the one-loop potential is unstable near R ~ 0. Not 
exact but rough behavior of the potential is given in Fig.l. 

We may also consider the static potential in the large d approximation 
as in Ref . [p70|] . It is difficult, however, to formulate it consistently with the 



definition of STr. 

In summary, we have shown that one-loop potential for SU(2) non-abelian 
toroidal D-brane is not stable. It is in close analogy with instability of chro- 
momagnetic vacuum in SU(2) gauge theory []13" |. It is much likely that in 



order to get the stability (again like in case of usual gauge theory [Q) one 
has to consider another gauge group and (or) another background field. 
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